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Papers  concerned with the equations of motion of multiphase media can be divided conditionally into 
two categor ies  depending on the approach used:  phenomenological  o r  kinetic. In the present  paper we adopt 
the second approach [1]; we obtain closed (i.e., not containing empir ica l  constants and functions) equations, 
in the s imples t  case,  for the motion of a mixture of a liquid with bubbles of a gas o r  a vapor:  1) the liquid 
is nonviscous and incompress ib le ;  2) the velocity field of the liquid exter ior  to the bubbles is i r rotat ional ;  
3) the bubbles have a spher ica l  shape and the p r e s s u r e  in a bubble is a given function of its radius;  4) the 
volume concentrat ion of bubbles and the mean distance between neighboring bubbles is small.  These equa- 
tions can be a basis  of phenomenological  theories ,  which take into account the proper t ies  of rea l  mixtures  
more  completely.  

We discuss  in detail known closed models of  bubble-containing media  [2-8]. We prove convergence 
for the method of success ive  approximations for the calculation of the liquid velocity potential exter ior  to 
the bubbles. The equations of motion for a sys tem of spherical  par t ic les ,  obtained in [9-11], are  genera l -  
ized to the case of pulsating bubbles. In the f ramework of the resul t ing hydrodynamic equations we calcu-  
late the rate  of propagation of smal l  per turbat ions .  We solve the one-dimensional  problem concerning the 
decomposi t ion of an initial discontinuity in which, on one side of the discontinuity surface,  there is a pure 
liquid with a constant  p r e s su re .  

The phenomenological  approach was developed in [12-14]; these re fe rences  also contain an appro-  
pr iate  bibliography. 

1.  C o n s i d e r a t i o n  o f  K n o w n  M o d e l s  

The equations for the motion of a suspension of bubbles of a gas or  a vapor in a liquid can be divided 
into two ca tegor ies :  1) phenomenological  equations containing, in addition to the cha rac te r i s t i c s  of the pure 
phases,  the constants o r  functions for  the mixture ,  which must  be determined experimental ly;  2) closed 
equations, which employ only the cha rac te r i s t i c s  of  the mixture components taken individually. We shall 
consider  equations of the second type. These equations are  valid when the volume concentration of the gas -  
eous phase of  the mixture  is small .  In o r d e r  for  the mixture to be regarded  as a continuous medium the 
mean distance l between neighboring bubbles must  be smal l  in compar ison with a charac te r i s t i c  flow di-  
mension M. 

Let u0(x , t) and p0(x, t) denote the velocity and p r e s s u r e  of the liquid at the midpoint between bubbles; 
at other  points we define these functions by some method of interpolation. Derivat ion of the equations of 
motion is based on two assumptions.  F i r s t  of all, we assume that u 0 and P0 are  regular  functions of the 
spatial  point x = (x l, x 2, x 3) and of the t ime t. We assume the function 4~(x, t) to be regular  if 

l V evl Z '-- I O@ l Ot l t l v ~ l a~ l 

where v is the mean speed of the bubbles and 

V ~ - ( O / O x ' ,  O / O z  2, O / O x  a) 

This assumption is valid for smal l  volume concentrat ions of the bubbles. Secondly, we assume the 
individual t r a j ec to ry  of the center  of each bubble, namely xi(t) , to be a regula r  function of the t ime t. In 
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other  words,  the speed of a bubble is a regular  function of its coordinates:  vi(t) = v(xi, t). At points x ~x  i 
we define the function v(x, t) by interpolation. This proper ty  is required to take into account the appearance 
of compress ibi l i ty  of the bubbles. Bubble interact ion through pulsations has the charac te r  of a long-range 
action; we can therefore  neglect collisions of a given bubble with neighboring bubbles, as a resul t  of which 
the t ra jec tory  of the given bubble undergoes a break,  and take into account only the smooth collective ac-  
tions of the distant bubbles. This proper ty  does not hold for a suspension of incompress ib le  par t ic les  in a 
liquid, wherein the par t ic le  interaction is of a shor t - range  nature. 

We descr ibe  exactly a class  of flows for which we obtain the equations of motion. We indicate a typi-  
cal representa t ive  of this c lass :  

The Borzhom Problem.  In an unbounded ideal and incompressible  liquid let there  be N cavitational 
bubbles of  spher ical  shape and of the same radius r .  These bubbles are  uniformly distributed in a ball of 
d iameter  M, the distance between bubbles is l, and the volume concentrat ion of the bubbles is c. The p r e s -  
sure p+ is the same in all the bubbles and is constant in time. The p re s su re  is equal to zero at infinity. 
At the initial t ime instant the liquid velocity field is equal to zero.  This is approximately the situation (for 
p+ > 0) when a Borzhom bottle is opened. We assume that as they move the bubbles re ta in  their  spherical  
shape, the volume concentrat ion of the bubbles c << 1, and l << M. We wish to descr ibe  this motion in a f i r s t  
approximation with respec t  to c and with respec t  to l. Of interest  is the l imiting case l = 0 for c > 0. 

When c = 0, we have quiescence; therefore  the presence  of the bubbles is the principal  effect in this 
problem and manifes ts  i tself  in a f i rs t  approximation with respec t  to c. The formulated Borzhom problem 
can serve  as a special  tes t  problem for verifying various models of bubble-containing media. 

We make the following assumptions with reference  to the two-phase flows considered.  

1) The liquid is nonviscous,  incompress ible ,  with density equal to one; it is unbounded, and the ex- 
ternal  force  fields have the potential U. 

2) The liquid motion is i r rotat ional  and the speed and p re s su re  of the liquid at infinity are equal to 
zero.  

3) The bubbles have a spherical  shape. The p res su re  in a bubble is a given function p+(r) of its r a :  
dins and is the same for all the bubbles. The special  case p+ = const is admissible.  The density 
of the gas in a bubble is taken equal to zero  since it is many t imes less  than the density of a liquid 
drop. 

4) The mean radius r of the bubbles and the mean distance l between neighboring bubbles satisfy the 
inequalities 

r ~  l ~  M 

where M is a charac te r i s t i c  dimension of the average  flow. 

We note that al l the assumptions are satisfied in the Borzhom problem. 

The absence of r igid boundaries in 1) is essent ial .  In the condition 3) p+ is the p res su re  on the out-  
side of the bubble wall; this p r e s su re  differs  f rom the p re s su re  inside the bubble by the presence  of s u r -  
face tension. By virtue of the conditions 2) and 3) the velocity field of the liquid is determined uniquely by 
the coordinates x i of the centers  and the radii  r i of the bubbles and also by their  ra tes  of change 

dx i dr~ 
v~ = - - ~ ,  s~ = ~ (i = l . . . . .  ,u 

Consequently, the motion of the sys tem consist ing of the liquid and the bubbles is determined by a finite 
number (8N) of sca la r  pa rame te r s .  Therefore  the evolution of  the sys tem in t ime is descr ibed by a Lag-range 
sys tem of ord inary  differential, equations of o rde r  8N. 

Assumption 4) concerning the low gas concentration makes it possible to write this sys tem of equa- 
tions in explicit form.  It is evident f rom this assumption that the force of interact ion of two bubbles de-  
c reases  as d -k, k~  2, as the distance d between the bubbles increases .  For  k _< 3 it is cus tomary  in the 
kinetic theory of gases  to r e fe r  to the par t ic le  interaction forces  as long-range forces .  Long-range  ac-  
tion between the gas bubbles in a liquid a r i ses  thanks to pulsation of the bubbles. This c i rcumstance  makes 
it possible to let N ~ ~o in the sys tem of Lagrange equations and to obtain the hydrodynamic equations (Sec- 
tion 4). In Section 6 we solve a one-dimensional  vers ion of the Borzhom problem. 
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This  method  o f  d e s c r i b i n g  the mot ion  of  bubb le -con ta in ing  m e d i a  and, c o r r e s p o n d i n g l y ,  the new equa -  
t ions  of  mo t ion  was  p r o p o s e d  by the au thor  in [1]. It is  a p p r o p r i a t e  to c o m p a r e  these  equat ions  with the 
equa t ions  o f  o t h e r  au thor s .  The l a t t e r  a r e  c o n s i d e r e d  in connect ion  with f lows sa t i s fy ing  the condi t ions  
1)-4) .  We r e c a l l  that  phenomeno log i ca l  equat ions  o f  mo t ion  of  bubb le -con ta in ing  media ,  which involve e m -  
p i r i c a l  cons tan t s  o r  func t ions ,  a r e  not c o n s i d e r e d  h e r e .  

Quas i s t a t i c  Model  [2, 3]. In this  mode l  the ve loc i ty  and p r e s s u r e  f i e lds ,u (x ,  t) and p(x, t), a r e  a s -  
sumed  to be r e g u l a r  ou ts ide  the bubbles :  

u : :  uo - v (1.1) 

P = Po = P+ (r) (1.2) 

Le t  N be the n u m b e r  of  bubbles  p e r  unit  m a s s  of  the m i x t u r e .  Then  the dens i ty  of  the mix tu re  is 

(p) (1 -- 4 ~nr3A:)-~ (1.3) 

Thanks  to the a s s u m p t i o n  (1.1) the cont inui ty  equat ion and the m o m e n t u m  equat ion coincide  with the 
equat ions  for  a gas .  Equat ions  (1.2) and (1.3) y ie ld  the equat ion of  s ta te  

p = p+ ((<p)-1 _ t)'-(4/:,aN)-',) (1.4) 

The quant i ty  N p lays  the r o l e  of  en t ropy  s ince  it  is  c o n s e r v e d  along the t r a j e c t o r i e s  of  the bubbles  
(of the l iquid p a r t i c l e s ) .  

S. V. I o r d a n s k i i ' s  Equat ions  [4]. We c o n s i d e r  in deta i l  the me thod  p r o p o s e d  in [4]. Le t  u and p be 
the ve loc i ty  and p r e s s u r e  in the l iquid,  funct ions  which a r e  defined ou ts ide  o f  the bubbles .  We define the 
p r e s s u r e  ins ide  the bubble ~2 i to be equal  to p+(ri) .  We define the funct ion p to be equal  to 1 and 0 in the 
l iquid and in the bubbles ,  r e s p e c t i v e l y .  The funct ions  p,  u, and p a re  n o n r e g u l a r  (they exhibit  s t rong  v a r i -  
a t ion  at d i s t ances  of  the o r d e r  /); t h e r e f o r e  the i r  a v e r a g e d  values  a r e  of  i n t e r e s t  fo r  e x p e r i m e n t a l  m e a -  
s u r e m e n t s .  We define the a v e r a g i n g  o p e r a t i o n  by 

(F(xo, t ) )  = L -s  ~ F (x, t) dx 

whe re  V is a cube with c e n t e r  at the point  x 0 and with edge L, l << L << Mo We apply the a v e r a g i n g  ope ra t i on  
to the equat ion of  mot ion  of a nonv i scous  i n c o m p r e s s i b l e  l iquid.  Since the o p e r a t i o n s  o f  a v e r a g i n g  and di f -  
f e r en t i a t i on  a r e  c o m m u t a t i v e ,  we obta in  

o-7- (o) + 
(1.5) o 

0-5- <9u~> i- (<Ou~u ~) -- <p> 6~.~,) -- 0 (a = 1, 2, 3) 

whe re  5 ~  is the K r o n e c k e r  s y m b o l  and r e p e a t e d  ind ices  denote  s u m m a t i o n  f r o m  1 to 3. 

We define r e g u l a r  funct ions  c, u0, P0, v, r ,  and s, in t e r m s  of  which we s h a h  d e s c r i b e  the a v e r a g e d  
mo t ion  of  the m i x t u r e  and fo r  which we need to obta in  a c losed  s y s t e m  of  equat ions .  We e x p r e s s  (p), (puS),  
(puC~u/~), (p) in t e r m s  of  t he se  func t ions .  To do this  we a s s u m e  the fol lowing f low s t r u c t u r e  in the a v e r a g -  
ing r eg ion  V. ~ 

1) all the vi, r i ,  and si a r e  iden t i ca l  in V and a r e  equal ,  r e s p e c t i v e l y ,  to 

vl (t) = v (xl, t), rl (t) = r (xl, t), sx (t) = s (x x, t) 

the n u m b e r  of  bubbles  in V is given by 

n L  3 ~- c (x 0, t)Q/a n r l3 ) - lLS  

where  x 0 is the c e n t e r  o f  the cube V; xl is the c e n t e r  of  some  bubble in V; 

2) we s u r r o u n d  each  bubble in V by a sphe re  S o f  m a x i m u m  rad ius  R,  so that  R ~ l / 2 .  Outs ide  of  
these  s p h e r e s  and within the conf ines  of  V we c o n s i d e r  the velocit3~ and p r e s s u r e  in the liquid to be cons tan t  
and equal  to 
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L Uo it) = Uo (xo, t), Po (t) = po (Xo, t) 
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Fig. 1 

3) in the in ter ior  of each region Q between the sphere S and the 
bubble surface  we consider  the velocity and p re s su re  fields to be the 
same as those for the motion of an isolated bubble in the unbounded l iq-  
uid with speed u0(t ) and p ressu re  P0(t) at infinity. 

We obtain 

< p > = t - - c  

q 

The velocity field of the liquid during the motion of an isolated 
bubble has the potential u - u  0 = V~, which we determine explicitly in 
Section 2. The in tegra lover  Q in this equation is equal to zero;  therefore  

~ d> = <nd> (1.7) 

If instead of Q we take the region T (the shaded region in Fig. 1, in which the averaging region is in-  
dicated), the integral  in Eq. (1.6) is then not equal to zero  and we obtain 

<pu > = <p )u 0 + /~w (1.8) 

where k is some number and w = v - u 0. 

Similarly we obtain 

<ptru '?  = <V> Uo~Uo~ + c ((s 2 + 3/~o l W I ~) 8~B + ']2o'V~w ~) + 0 (c','.,) 

<P> =" Po -5 c (a]~ ( ( H t r) '  - -  i) r -1 d (r~s) / d t  - 4 - / ( r )  - -  Po - -  3 / ~ s~" -- '/, I w ]~) -50  (c'/:) 

F rom assumption 3) we obtain equations descr ibing the motion of an individual bubble: 

(1.9) 

-~-t (r~w) = 2r~ (--~- + (%. v) uo) - r, (w . V)Uo 

r ds/dt  + '/2s" = ~/41 w 1~ + p+ (r) - -  Po 

dr /d t  = s (d /d t  = O/Ot -5 v. V) 

where the dot indicates the sca la r  product  of the vec tors  and Iwl denotes the length of the vector  w. 

The conservat ion equation for the number of bubbles has the form 

(i.io) 

( I . I i )  
(i.12) 

On / Ot Jr- 0 (nv~) I Ox~ ---- 0 (i.i3) 

where n is the number of bubbles per  unit volume of the mixture:  

n = 3/ ,~-1r-3c  (1.14) 

The equations (1.5)-(1.7) and (1.9)-(1.14) form a closed system.  The quantity R, whose exact value 
cannot be determined theoret ical ly in the scheme set forth here,  enters  the equation in the lowest degreee 
with respec t  to r and c: 

(R / 0 2 ~ (l / r)" ~ Kc-'l .  

where the constant K can only be determined experimental ly.  In [5] it was assumed that 

<P> ~ Po (I.15) 

This is inadmissible if the accepted accuracy  is to be maintained. 

B. S. Kogarko 's  Model [5]. We obtain the equations given in [5] if in the sys tem of equations given in 
[4] we put v = u0, d iscard  the equation (1.10) contradictory to this assumption,  and adopt, instead of the r e l a  
tion (1.9), the assumptions (1.15) and 
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~ (1.16) <pu~u ~ > -~ <p >u0u0 

The  equa t i ons  g iven  in [5] have  the  u s u a l  g a s d y n a m i e  f o r m  but  u se ,  i n s t e a d  o f  an equa t ion  o f  state, 
an equa t ion  f o r  the  r a d i a l  p u l s a t i o n  of  a bubb l e .  We w r i t e  the  p u l s a t i o n  equa t ion ,  t a k i n g  into accoun t  the  

v i s c o s i t y  of  the  l i qu id :  

d'2r } dr ~,~ dr = p+ 
r ~ "4- ~/2 i-~- ) -~- 4vr-1-27- (r) - -  Po (1.17) 

w h e r e  ~ i s  the  c o e f f i c i e n t  o f  k i n e m a t i c  v i s c o s i t y  o f  the  l iqu id .  

A n a l o g o u s  equa t i ons  a p p e a r e d  l a t e r  on in [6-8] and w e r e  g e n e r a l i z e d  to inc lude  v i s c o s i t y  and t h e r m a l  
c o n d u c t i v i t y  of  the  l iqu id .  

In the  m o d e l s  i n d i c a t e d  above  y e t  a d d i t i o n a l  a s s u m p t i o n s  w e r e  u sed  b e s i d e s  the  a s s u m p t i o n s  1) -4) .  
We s h a l l  u s e  h e r e  on ly  the  a s s u m p t i o n s  1) -4) .  In th i s  t h e r e  i s  a b a s i c  d i f f e r e n c e  b e t w e e n  o u r  me thod  and 
t h o s e  i n d i c a t e d  above .  The  e q u a t i o n s  g iven  in [4, 5] and the equa t ions  we g ive  in Sec t ion  5 c o i n c i d e  in the  
c a s e  of  s m a l l  o s c i l l a t i o n s  in the  n e i g h b o r h o o d  of  q u i e s c e n c e .  Is i t  p o s s i b l e  to o b t a i n  in the  l i m i t  fo r  I - -  0 
and c > 0 ( for  e x a m p l e ,  in the  s t o p p e r  p r o b l e m )  a q u a s i s t a t i c  m o d e l ?  Th i s  cannot  be  the  e a s e  s i n c e  v ~-u 0. 
The  equa t ions  g iven  in [5] y i e l d  a q u a s i s t a t i c  m o d e l  in the  l i m i t .  The equa t ions  g iven  in [4] do not  go o v e r  
in the l i m i t  to the  q u a s i s t a t i c  equa t i ons ;  h o w e v e r ,  they  do not even  c o i n c i d e  with the l i m i t i n g  equa t ions  g iven  
in th i s  p a p e r .  The  r e a s o n  fo r  t h i s  i s  tha t ,  i n s t e a d  of  the  r e l a t i o n  (1.7), i t  i s  n e c e s s a r y  to t ake  the  m o r e  
g e n e r a l  equa t ion  (1.8).  The  va lue  of  the  c o n s t a n t  k in equa t ion  (1.8) cannot  be  c a l c u l a t e d  by the me thod  
g iven  in [4]. In Sec t ion  2 we f ind k by  c a l c u l a t i o n  to be  equa l  to ~/2. 

2 .  C a l c u l a t i o n  o f  t h e  V e l o c i t y  P o t e n t i a l  o f  t h e  L i q u i d  

The  v e l o c i t y  p o t e n t i a l  ~(x ,  t) i s  a h a r m o n i c  func t ion  in the l iqu id  i n t e r i o r  ~ ,  and i t  s a t i s f i e s  on the 
bubb le  s u r f a c e s  F i the  f l o w - o v e r  cond i t ion ;  thus  

.,~r = 0 i n  ~ ,  ~ ]  ~ --= 0 

&p / On = si --  v l .n  on Fi (i = 1 . . . . .  N) (2.1) 

w h e r e  the v e c t o r  n is  n o r m a l  to F i and i s  d i r e c t e d  t o w a r d s  the  l iquid  i n t e r i o r .  

We s e e k  the  ve loc i t y  p o t e n t i a l  in the f o r m  of  a s u m  

N 

i = l  

(I~i ~ = --  sir~"- ] x - -  xi [-' (2.2) 
0(1) 

-X(]) i .. 0 outside ~P:, (I) i '~ = 0, ---~=~ ~b'~ on ]~i 

The  p o t e n t i a l  can  be r e p r e s e n t e d  by  the  sum (2.2). To p r o v e  th is  i t  i s  su f f i c i e n t  to e s t a b l i s h  the  s o l v -  
a b i l i t y  of  the  s y s t e m  of  i n t e g r a l  e q u a t i o n s  fo r  the  N unknown func t ions  w i (w i i s  de f ined  on Fi) 

0% { y. o%o I 
wi + ~-~-ff-'n r~ ~ i  On [r~ - (2.3) : V i �9 n -  ~ f i  

T H E O R E M  2.1.  L e t R  0 > 0 ,  0 < C O < 1. L e t  us  a s s u m e  tha t  

r i > R o  (i = I , . . . , N )  

r ~ @ r j ~ C o l x i - -  xj { (i, ] = 1 . . . . .  N) 

a l l  the  bubb l e s  be ing  l o c a t e d  in the  i n t e r i o r  of  s o m e  b a l l  o f  d i a m e t e r  M. 

Then  t h e r e  e x i s t s  a n u m b e r  C, i n d e p e n d e n t  of  R 0 and C0, such  tha t  fo r  

Co 3 In (MCo / Ro) < C 

the system of integral equations (2.3) has a continuous solution; moreover, this solution is unique for a r -  
bitrary s i and v i. This solution can be obtained by the method of successive approximations and satisfies 
the inequality 
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w h e r e  

!1 w~ l ~ (c - co ~ in (MCo I no)) -I max [I lJll (2.4) 
J 

F i 

P r o o f .  Le t  C O _< ~2. S ince  ~, % i s  a h a r m o n i c  func t ion  i n s i d e  F i ,  then ,  i f  we i n t e g r a t e  the  i - t h  e q u a -  

t ion  in (2.3) o v e r  F i ,  we o b t a i n  

f, P 
.~ w~ dS = .~ li dS = 0 (2.5) 

Pi  I ' i  

Subjec t  to th i s  cond i t ion ,  t h e r e  fo l lows  f r o m  the 
l e m  o u t s i d e  the  b a l l  the  e x i s t e n c e  of  a n u m b e r  C 1 < oo such  tha t  the  i n e q u a l i t i e s  

](1)t I ~  Clri ~ / 2 I x  - x~ I -~ [I w, II 

I VOl I ~ Clri s [ x - -  x~ I -~ II wi II for I x - xi I > 2rl 

a r e  s a t i s f i e d .  

We s e e k  a so lu t ion  of  the  s y s t e m  (2.3) in the  c l a s s  of  func t ions  wi th  the f in i t e  n o r m  

}lwll = m a x l l w ~ l l  
i 

F r o m  the r e l a t i o n s  (2.5) and (2.6) we ob t a in  

P o i s s o n  f o r m u l a  fo r  the  so lu t i on  of  the  Neumann  p r o b -  

(2.6) 

max ~ aq)) 8 C , ~  xjl-~liwll 

T h e r e f o r e  the n o r m  of  the  i n t e g r a l  o p e r a t o r  in the  s y s t e m  of  equa t ions  (2.3) does  not e x c e e d  

C2 = 8C, max 2 r) '~ } x, - -  xj 1-3 (2.7) 

We find an u p p e r  bound for  the  s u m  (2.7) for  a l l  p o s s i b l e  d i s t r i b u t i o n s  of  the  b u b b l e s  s a t i s f y i n g  a l l  the  
h y p o t h e s e s  of  the  t h e o r e m .  The  m e a n i n g  of  the  s econd  a s s u m p t i o n  i s  tha t  if  we i n c r e a s e  the  bubb le  r a d i i  
C0- i - fo ld ,  then  the b u b b l e s  m u s t  i n t e r s e c t .  T h e r e f o r e  the  s u m  (2.7) wi l l  be i t s  l a r g e s t  fo r  a d e n s e  pack ing  
of  b a l l s  of  r a d i u s  C0-1r~. Th i s  sum then  does  not exceed  the u p p e r  D a r b o u x  sum for  the  i n t e g r a l  o v e r  the  
r e g i o n  r iCo - l <  _ I x - x i }  ~ M: 

a/4u-lCoailx - -  xi I -:~ dx ~ 3C03 In (MCo/Ro) 

When C031n (MCo/Ro) i s  su f f i c i en t l y  s m a l l ,  the  n o r m  of  the  i n t e g r a l  o p e r a t o r  (2.3) b e c o m e s  l e s s  than  
one .  The  t h e o r e m  then  fo l lows  f r o m  t h i s .  

Th is  c o m p l e t e s  the  p r o o f  o f  the  t h e o r e m .  

The  vo lume  c o n c e n t r a t i o n  o f  the  b u b b l e s  c _< Co, so tha t  C o i s  an u p p e r  bound f o r  a l l o w a b l e  c o n c e n -  
t r a t i o n s .  The  l a r g e s t  a l l owab le  va lue s  o f  c d e c r e a s e  s lowly  as  M / R  0 - -  ~;  t h e r e f o r e  we can  app ly  the  e x -  
p a n s i o n  (2.2) even to the case M/R 0 = ~. 

Let {Pm,~(x)} be a system of homogeneous harmonic polynomials orthonormal on the sphere Ixl = 1, 
let m be the degree of a polynomial, and let 1 _< ~_< 2m + i .  We expand the function w i in a Fourier series: 

c~ 2 m T t  

w~ = :~ ~ ~y~e~(~) (2.8) 

I t e r e ,  by  v i r t u e  of  the  r e l a t i o n s  (2.5), the z e r o t h  h a r m o n i c  i s  a b s e n t .  We w r i t e  P a r s e v a l ' s  equMi ty  

9m-[-1 
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We read i l y  find that  

(I~ i - -  ~ d)~ m 
m : l  

2 m . q  

q)i m (x, t) = --  r'~+~/(m + 11 ~ wF'~Pm= (x - -  xl) lx - -  xi I -~,'':~ 

Le t  us e s t i m a t e  wim,c~. 

F o r  this  we mul t ip ly  the i - th  of  the equat ions  (2.3) by Pk,~(n)  and i n t eg ra t e  o v e r  F i. 
we have 

Le t  us t r a n s f o r m  the i n t eg ra l  

l~)i ~ ' : I  ~ - ri ~ l w~P~,r (n) d S 
F~ 

(2.10) 

By def in i t ion  

Ak,~ _ -2 ~i O(I)Jm / OnP~,~ ( . )  dS i~,n - -  ri 

We expand the h a r m o n i c  funct ion  @jm in a T a y l o r  s e r i e s  in the bal l  Ix -x i [ - -_  Rj < I xj  - x i ] :  

m | m (.b; (x, t) = ~ ~, ~ VB(1)~ (xi, t)(x - -  xi)z (2.11) 
~=o I~l=k 

where  ~ = (~1, ~2, P3) i s  a vector  index for  which 

I1~ I = 131 + 13~ + I~, 13! = lh!13~!13s!, 

w = (o / oz')~, (~ / oz:)~, (a / o=~)~. 

the d e g r e e  of  the v e c t o r  (x - x i ) f l  is def ined  ana logous ly .  The inner  s u m m a t i o n  in the s e r i e s  (2.11) is a 
homogeneous  h a r m o n i c  po lynomia l  Pk of  d e g r e e  k in the a rgumen t  x - x  i. In a c c o r d  with E u l e r ' s  ident i ty  
fo r  homogeneous  funct ions  we have 

oP~ _ 8P~ 
- - x  . . . . . . .  kr~-lP~ on Fi an = q 1 (x ~ , ) ~x ~ 

F r o m  this ,  taking into account  the fac t  tha t  two homogeneous  h a r m o n i c  po lynomia l s  of  d i f fe r ing  de -  
g r e e s  a r e  o r t hogona l  on the s p h e r e ,  we obta in  

,S ' ~,~' kr~-I ~_j Aiim = V~q)~ m (xl, t) Y~Pk.= (Y) dy (2.12) 

Acco rd ing  to P a r s e v a l ' s  equal i ty  we have 

I A~j'm I = krki-ll V~(I)j "~ (xi, t) l 

IV~(D(x) I'2-- i I ~ -~I V~tl)(x)~y~dy (2.13) 
y=1 1~1=1 

We squa re  both s ides  of  the equa t ion  (2.11) and i n t eg ra t e  o v e r  the s p h e r e  I x - xil = Rj.  By v i r tue  
of  the o r thogona l i t y  of  the t e r m s  of  the s e r i e s  (2.11), we have 

B~+2 [ V~d)j ~ (xi, t) 12 ~< i [ (1)~m 12 dS 
I . . . .  ~1 Rj ( 2 . 1 4 )  

Since @jm is a homogeneous  funct ion of  x - x j  of  d e g r e e  - m - l ,  it  fol lows that  

1 ~  r ~  2- 
I % " ( x ' t ) l < l x - x ~ l  -m-' r 4= .~+11 wj~l (2.15) 
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F o r  the p r o o f  of  this  inequal i ty  we need to e s t i m a t e  4~j TM in t e r m s  of  the in teg ra l  of  i ts  squa re  o v e r  
the sphere  I x - x j [  = 1, which m a y  be e x p r e s s e d  in t e r m s  of  I wjml by v i r tue  of  the r e l a t i o n  (2.10). 

F r o m  the inequa l i t i es  (2.14) and (2.15) i t  fol lows that  

I v~r (x~, t) l ~< V~ I ~;" 1 (r- +~/(m + i)) n~ ~"-~-' 
0<Rj~< i lx~- -  x~[/2, k > 0 ,  . m > 0  (2.16) 

In a c c o r d a n c e  with the r e l a t i ons  (2.9) and (2.13)-(2.16) we have 

o c  

] A~.,[~< V ~ s  kr~-~rjal~J~-~wJ~, I~j>~ 2rj (2.17) 

Put t ing Rj = ]xj  - x i l / 2  h e r e ,  we obtain  the d e s i r e d  e s t i m a t e s  

[w~k[ ~ [~i~ [ -4-V'a~s max ~wj~ k (2r/l)  ~+~ S~+2 (k > t; i = 1 . . . . .  N) (2.18) 

where  r is the m e a n  r a d i u s  o f  the bubbles ,  l is  the m e a n  d i s tance  be tween  ne ighbor ing  bubbles ,  and 

s ~ =  max ~ ( Z / l ~ -  ~A)" 

The quant i t ies  [[ wi[ [ sa t i s fy  the inequal i t ies  (2.4). We e s t i m a t e  the s u m s  S m by m e a n s  of  an in tegra l .  
Since the re  a r e  on  the a v e r a g e  1-3 bubbles  in a unit  volume,  we have 

S , ~ ( M / l p - " ( m = t ,  2), S 3 ~ l n ( M / l ) ,  S ~ i  ( m > 4 )  

Using the r e l a t i ons  (2.13) and (2.16) fo r  m = 0, wi~ ~ = 4 ~  i, we obtain  

lit k [ < ]'/'~-']3 [ V4 [ 6xk "4- V 3g ] 2 max ] sjl k (2r ] l) ~+' S~+x 

/t n ~< ]f4-~ / 3 1 v, [ "4- r max [sjl r2l-'M 
�9 

where  the cons t  < ~ i f  2r / l  < 1; 6it = 1,  61k = 0 for  i ~ k.  

We wr i te  out  the equat ion fo r  d e t e r m i n i n g  wig,a :  

(2.19) 

(2.20) 

F r o m  this  

wi ~ ~ V - ~ w ~  '~ = v i?-o(9i '  (xl, t) / ox:, I(9,' = 2(pr a = t ,2 ,3 ;  i =  1 . . . .  ,N)  

and f r o m  the r e l a t i ons  (2.16) and (2.18), we have 

(2.21) 

w~ = vl - -  V (Ol ~ + Oi 1') Ix t -t: 0 (sc + vcV~) (2.22) 

w h e r e  s and v a r e  typ ica l  values  o f  s i and f vi[, r e s p e c t i v e l y ;  Oi m '  is the sum of  ~bjm with r e s p e c t  to the 
index j ~ i. 

We ca lcu la t e  the l imi t  of  r as  l - -  0 (c > 0, s / r  ~ ~).  It is n e c e s s a r y  to d e t e r m i n e  the c l a s s  of  a l -  
lowable  d i s t r ibu t ions  o f  bubbles  fo r  which the l imi t  o f  ~ ex i s t s  and does  not depend on a spec i f ic  d i s t r i b u -  
t ion f r o m  this  c l a s s .  We point  out  two e x t r e m e  examples  o f  such c l a s s e s :  1) a r b i t r a r y  d i s t r ibu t ions ;  in 
this  c a s e  no l imi t  ex i s t s  which is the s a m e  for  all  d i s t r ibu t ions ;  2) a un i fo rm d i s t r ibu t ion ,  where in  the bub-  
b les  a r e  at the s a m e  d i s t ance  f r o m  each o the r .  This  c l a s s  does not contain  d i s t r ibu t ions  of  bubbles  in r e a l  
f lows in which the d i s t ance  be tween  bubbles  v a r i e s  as  f low mot ion  takes  p lace .  

We as s ign  a c l a s s  o f  a l lowable d i s t r ibu t ions  by m e a n s  o f  the r e g u l a r  funct ions  r ' ( x ,  t) > 0, s ' (x ,  t), 
w(x, t), c(x, t), defined in a domain  G with bubbles :  

(1) ri = ro r" (xt, t), s, = r0s' (xl, t), wt = w (xi, t) ( i =  1 . . . . .  N) 

(2) We d e c o m p o s e  domain  G into cubes  g with the s a m e  volume L 3, L = ro a,  ~/3 < a < 1. The n u m b e r  of  
bubbles  in the cube g is 

c(x, t ) / ( 4 n /  3 r ' ( x ,  0 3 ) (L/r0)  3 , x ~ g  
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Within  the  con f ines  o f  g t h e s e  b u b b l e s  can  be  d i s t r i b u t e d  a r b i t r a r i l y ;  in p a r t i c u l a r ,  they  m a y  a l l  be  

g r o u p e d  in one  p l a c e .  

T H E O R E M  2 . 2 .  Sub jec t  to the  c o n d i t i o n s  (1) and (2), we have  

max [q~(x, t ) - - (1 )  (x, t) I ~ c o n s t  ro 3~-0-, ~ 3 < a <  1 (2.23) 
x ~ f l  

w h e r e  the  c o n s t  d e p e n d s  on ly  on the m a x i m a  o f  the  func t ions  r ' ,  s ' ,  w, and e ,  on the  m a x i m a  of  t h e i r  f i r s t  
d e r i v a t i v e s  wi th  respect to x ,  and on the  m i n i m u m  of  r '  in G; in add i t ion ,  

qJ (x, t) 3 i ( s '( , . , t )  :/.2,v (,', t) V) - - y ,  . = .i---T c (y , t )  ~ r '(v.t) i , Ix ! -~dv (2.24) 

N 

P r o o f .  L e t  (l)" = ~ (1), ~ . We show tha t  (I," + 6 t  c o n v e r g e s  to the  i n t e g r a l  (2.24) and tha t  5 m  ~ 0 fo r  

r 0 - -  0 when m_> 2. 

To e s t i m a t e  the  d i f f e r e n c e  b e t w e e n  the i n t e g r a l  (2.24) and ~~ + 4, ~ we d e c o m p o s e  the  d o m a i n  G c o n -  
t a in ing  the  b u b b l e s  into cubes  g o f  vo lume  L 3, as  s t a t e d  in the cond i t i on  (2), so tha t  the  po in t  x wi l l  be  the  

c e n t e r  of  s o m e  cube go. The  v a l u e s  of  the  i n t e g r a l  o v e r  g ~ go and of  the  s u m  ~ (q)~~ - e~/) a r e  found in a 
xiu- ~" 

c o m m o n  i n t e r v a l ;  c o n s e q u e n t l y ,  the  d i f f e r e n c e  o f  t h e s e  v a l u e s  d o e s  not e x c e e d  the length  of  th i s  i n t e r v a l  

const L~L max ( i x - -  y [ -2 �9 ! x - -  y [ -3)  (2.25) 

F u r t h e r  

II ' :z~ to .s t  L 
go 

Since  

(I)[ '' ! ~<~ const r 0 in Q (2.26) 

i t  fo l lows  tha t  

I ~ ((1)~ ~ + q) / )  ~ c~):lst ( L / t o )  ~ r0 
i x i ~ g a  

F r o m  t h i s ,  s u m m i n g  the e x p r e s s i o n  (2.25) o v e r  a l l  g ~ go, we find tha t  

[ q 3 - -  ( 'p~ ~D I [ < c o n s t  (L ln  ( M / L )  + L - ! -  17% -2 ) 

We e s t i m a t e  ~ m ,  m _> 2: 

(2.27) 

m rn m-I I 2 (1~"~-~-2 2 (l'i i<'~.c~ [ro J) I 
Xi-~go ~ go x i ~ g  i 

J In L -1, m "= 2 
aT:= L "~ ~, m a x l x - -  y] . . . .  1 ~  const 

Since  the  p a r a m e t e r  r 0 d o e s  not e n t e r  into the  e s t i m a t e  (2.18) fo r  [ wim] ,  then,  s u b s t i t u t i n g  h e r e  and 
in the e x p r e s s i o n  (2.27) L = r0 a ,  2/3 < a < 1, we o b t a i n  the  i ne qua l i t y  (2.23). 

Th i s  c o m p l e t e s  the  p r o o f  of the  t h e o r e m .  

The  v e l o c i t y  Vr does  not  c o n v e r g e  fo r  l -  0 (i.eo, r 0 ~ 0) u n i f o r m l y  with  r e s p e c t  to x ~P~. We can 
show m e r e l y  tha t  i t  i s  bounded .  T h e r e f o r e  we r e s t r i c t  f u r t h e r  the  c l a s s  o f  d i s t r i b u t i o n s  of  bubb l e s  to be  
c o n s i d e r e d .  We a s s u m e  tha t  

(3) fo r  a l m o s t  a l l  bubb l e s  

Vq~i' (x, t)--*- V(D (x, t) for l--~ 0, x ~ -(-)i 

w h e r e  -qi is  a b a l l  of  r a d i u s  r i with c e n t e r  x i .  
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THEOREM 2.3.  Subject  to the condi t ions  (1)-(3) the equat ion 

I ((t --  c) O,  / Ot -4- (vq) + ~]~cw) V,) dx d t =  0 (2.28) 

is  va l id  fo r  an a r b i t r a r y  smoo th  finite - i . e . , e q u a l t o  z e r o  outs ide of s o m e  b a h  and beyond a finite t ime  in -  
t e rva l  - f u n c t i o n  !b(x, t), 

P roof .  We have the ident i ty  

(~ (O, ] Ot--(pA~p)dx - -S TO*/On OS)dt :~ 0 (2.29) 
- - c ~  l" 

where  F is the s u r f a c e  o f  all the bubbles .  

We let  r 0 ~ 0. 

F r o m  inequal i ty  (2.23) it follows that  

We transform 

(0,  / ~)t --  CA,) dx - .  ! (a~; / Ot -- (I) 'x$) i I --  c) dx 

v,. 

i ~ - ~ d S  = S (V%'V, - i  ~, 'A,)dx + i (-- s i r~-  '/2r~wi.n :- ~ tl)/") '~o'l--~-, dS 
1' t ~l i 1" i m ~ 2  

(2.30) 

Expanding r by  T a y l o r ' s  f o r m u l a  in a ne ighborhood of  the point  x i and taking into account  the o r t h o g -  
onal i ty  p r o p e r t i e s  of  the s p h e r i c a l  funct ions ,  we obtain  

ii(p O$ I 4n O(r, "~) (2.31) dS = (V(9(V~: _ r dx :]-- r~"wiV~ (xi, t) -~ 
f l  i 

(2.32) 

Next, by  v i r tue  of  the r e l a t i ons  (2.26) and (2.23), we have 

q~t' (x, t ) ~ - ( P  (x, t) for r 0 -~0 ,  x ~  (~-)l 

F r o m  this  and f r o m  the r e l a t i ons  (2 .23) ,  (3), and (2.31) i t  fol lows that  

i &[. , . ' 
~ a~ --> \ ((Pal) - -  l/2w) 7-~ -i- qJxr cdx 

1' 
q J  

In tegra t ing  the r e l a t i ons  (2.30) and (2.32) with r e s p e c t  to the t ime  t, we obtain,  in acco rd  with the 
equat ion (2.29), the equat ion (2.28). 

This  c o m p l e t e s  the p roo f  of  the t h e o r e m .  

F r o m  the ident i ty  (2.28) we obtain  the fol lowing e x p r e s s i o n  for  the m a s s  flow of  the m i x t u r e :  

<pV(p)-~/,p~\ V(b + U.. cw for l -+ 0 (2.33) 

3 .  E q u a t i o n s  o f  M o t i o n  f o r  t h e  S y s t e m  o f  B u b b l e s  

Since the s ta te  of  the mot ion  of  a l iquid with bubbles  of  sphe r i ca l  shape is uniquely d e t e r m i n e d  by the 
v a l u e s o f t h e  8N n u m e r i c a l  p a r a m e t e r s  xi,  v i, r i, s i (i = 1 . . . . .  N), i ts  evolut ion in t ime  is d e s c r i b e d  by a 
s y s t e m  of  o r d i n a r y  d i f fe ren t ia l  equat ions  of  L a g r a n g e  (see [9]). In o r d e r  to wr i te  out  this  s y s t e m  in ex -  
p l ic i t  f o r m  fo r  a l a r g e  numbe~ of  bubbles  we need an addit ional  a s sumpt ion  conce rn ing  the s m a l l n e s s  of  
the i r  volume concen t ra t ion .  F o r  the c a s e  in which the rad i i  o f  all  the bubbles  a re  the s a m e  and a re  c o n -  
s tant  in t ime  (i.e.,  i n c o m p r e s s i b l e  globules  of  the s a m e  r ad ius  a r e  cons ide red ) ,  this  was  done in [10, 11]. 

The a s sumpt ion  conce rn ing  the s p h e r i c a l  shape o f  the bubbles  is sa t i s f ied  approx ima te ly .  In ac tua l i ty ,  
the bubbles  have a nonsphe r i ca l  shape ,  unknown beforehand ,  which it is  n e c e s s a r y  to d e t e r m i n e  in the 
c o u r s e  of  solving the p r o b l e m .  T h e r e f o r e ,  s t r i c t l y  speaking,  the s ta te  o f  mot ion  of  a l iquid with bubbles  
cannot  be defined by a finite n u m b e r  of  p a r a m e t e r s .  The fol lowing t h e o r e m  is found to be appl icable .  
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T H E O R E M  3.1.  The  Lag-range e q u a t i o n s  of  m o t i o n  a r e  a f i n i t e - d i m e n s i o n a l  G a l e r k i n  a p p r o x i m a t i o n  
to the  e x a c t  p r o b l e m  u n d e r  which  the  e n e r g y - c o n s e r v a t i o n  l aw  r e m a i n s  va l id .  

P r o o f .  We f i r s t  f o r m u l a t e  the  e x a c t  p r o b l e m .  

We a s s u m e  tha t  the  p r e s s u r e  Pi(i = 1 . . . . .  N) i n s i d e  the  i - t h  bubb le  i s  c o n s t a n t  t h roughou t  i t s  vo lume 
and i s  g iven .  A c c o r d i n g  to the  C a u c h y - L a g r a n g e  i n t e g r a l ,  th is  y i e l d s  the  b o u n d a r y  cond i t ion  

Oe?/Ot-4-~/~ [7(9 ] 2 - 4 - p ~ - - •  U = 0 on Ft'.(i---:- 1 . . . . .  N) (3.1) 

w h e r e  )r i s  a s u r f a c e  t e n s i o n  c o n s t a n t ,  K i s  the  c u r v a t u r e  of  the  s u r f a c e  F i,  and K(x) > 0 (x C F i) i f  F i is  
convex  in a ne ighbo rhood  of  the  po in t  x .  
m u s t  a l so  be  s a t i s f i e d ,  n a m e l y ,  

A k i n e m a t i c  cond i t ion  for  n o n p e r m e a b i l i t y  o f  the  bubble  w a l l s  

N 

0 q ~ / 0 n =  v, on F---- U F, (3.2) 

w h e r e  v n is  the  n o r m a l  v e l o c i t y  of the  bubb le  w a l l s .  The p r o b l e m  c o n s i s t s  in  d e t e r m i n i n g  the s u r f a c e  F 
and the  v e l o c i t y  p o t e n t i a l  ~ (x ,  t ) ,  so t ha t  r  t) wi l l  be  h a r m o n i c  o u t s i d e  F (in ~ ,  r = 0, and such  tha t  
the  b o u n d a r y  c o n d i t i o n s  (3.1) and (3.2) wi l l  be s a t i s f i e d .  

F o r  an  a r b i t r a r y  s m o o t h  t i m e - d e p e n d e n t  s u r f a c e  F and for  an a r b i t r a r y  h a r m o n i c  funct ion ~ ,  ~0[~ = 
0, de f ined  o u t s i d e  of  F ,  we have  the i d e n t i t y  

= I( dt dt 2 ~),----7 + "-UI Vq) [ ~ t,~,) dS (3.3) 
N 

w h e r e  T is  the k i n e t i c  e n e r g y  of  the l i qu id .  If F and ~0 s a t i s f y  the  b o u n d a r y  c ond i t i ons  (3.1) and (3.2), i . e . ,  
i f  they  c o n s t i t u t e  a so lu t ion  o f  the  p r o b l e m ,  we then  ob t a in  f r o m  the r e l a t i o n  (3.3) the  e n e r g y - c o n s e r v a t i o n  

l a w  

N 

I + d �9 ' Uv,flS) -di- T d  ~= i=lY' p~ -gi- I i - -  n S~ - (3.4) 

w h e r e  S i and V i a r e  the  s u r f a c e  a r e a  and vo lume  of  the i - t h  bubb le .  We have  u sed  h e r e  the equa t ions  

dtd v~ = l d s i  = i~KdS (3.5) 

We r e s t r i c t  the  c l a s s  of  s u r f a c e s  I" and p o t e n t i a l s  r c o n s i d e r e d .  In doing  th i s ,  i t  i s  n e c e s s a r y  to 
r e n o u n c e  the e x a c t  s a t i s f a c t i o n  o f  the  b o u n d a r y  c o n d i t i o n s ;  h o w e v e r ,  the e n e r ~ , - c x ) n s e r v a t i o n  l aw  (3.4) wi l l  
not  be v i o l a t e d .  

We a s s u m e  tha t  the s u r f a c e  F i s  a g iven  (fixed) func t ion  of  a f in i t e  n u m b e r  of  p a r a m e t e r s  q = (q~ . . . . .  
qM) ( g e n e r a l i z e d  c o o r d i n a t e s )  and d o e s  not depend  on the  t i m e .  V a r i a t i o n  of  F with t i m e  o c c u r s  only  as  the  
r e s u l t  of  a ehange  in q. F o r  f ixed  q the  n o r m a l  v e l o c i t y  of  the s u r f a c e  F i s  a l i n e a r  func t ion  of  the  g e n e r a l -  
i zed  v e l o c i t i e s  q j ' ;  thus  

M 

z;,, --- ~, X~ (x, q) q/, x ,=-- F, q~ ~ dqj at (3.6) 

If we a s s u m e  the bubb l e s  a r e  s p h e r i c a l ,  then  fo r  the  q u a n t i t i e s  q4i-3, q t i-2,  q4i-1, q4i i t  i s  n e c e s s a r y  
to t ake  the c o o r d i n a t e s  of  the  c e n t e r  and the r a d i u s  of  the  i - t h  bubb le .  In th i s  c a s e  M = 4N and 

(X4i-3, 7.~-2, Z4i-1, ;~4i) = (n, t) on Fi, 0 on r~ (k ~?- 1) 

We s h a l l  s a t i s f y  the  f low eond i t i on  (3.2) e x a c t l y ,  i . e . ,  at  each  po in t  of  the  s u r f a c e  F.  Then for  the 
v e l o c i t y  p o t e n t i a l  we have  

)d 

q~(x,t)= ~ ~ ( x , q )  q/,  A t p j = 0  m O., 
j = : l  

I' (3 .7)  
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The boundary condition (3.1) cannot be satisfied at each point of the surface F. We can satisfy it in 
the mean in the following sense.  We take M linearly independent functions • t) . . . . .  • t), x E F, 
and we put 

N 

~=l t (&p ] Ot + */2 ] Y(p ]' + Pi -- uK 4- U) X)* dS = 0 (] == t . . . . .  :II) (3.s) 

We obtain M equations for determining M unknown functions of the t ime q(t). This is the essence  of 
the Galerkin method. Under weak res t r ic t ions  on the functions • (the sys tem 6f functions {Xj*} must  be 
complete), the system of equations (3.8) for M = ~ is equivalent to the boundary condition (3.1). For  M< oo 
we have the f ini te-dimensional  approximation of the problem. 

We select  the system of functions {• s tar t ing from the fact that the energy-conservat ion law (3.4) 
is not violated. The equation (3.8) is satisfied for an a rb i t r a ry  l inear  combination of the functions • . . . .  
• i.e., for an a rb i t ra ry  function • from the l inear  set X with the basis  {• . . . . .  • For  the energy-  
conservat ion law (3.4), subject to the condition (3.2), to be valid, it is necessa ry  and sufficient that the equa- 
tion (3.8) be satisfied for an a rb i t r a ry  normal  velocity • = 0~v/~n from the c lass  considered.  For  fixed q 
the velocities Or form an M-dimensional  l inear set (3.7), which must  coincide, consequently, with X, 
i.e., 

XJ* = X5 (] = 1 . . . .  , M) (3.9) 

We may confirm that the equations (3.7)-(3.9) are  equivalent to the system of Lag-range equations 

- - - ' -  p i V i -  xSi + U dx (j = l ..... M) 
dt Oqj' ~qj =t n i 

(3.10) 

In accordance with equations (3.5), we have 

N N 

t = l  i = l  Oq} f$1 
(3.11) 

In [9] it was shown that, subject to the conditions (3.7), the identities 

l ( - ~ t  ) dv3T-L@T ( j = l  . . . .  M) (3.12) + t /2 lVql  ~ xidS== dt Oq/ ' cgqj 

a r e  valid for an a rb i t r a ry  funct ion q(t). 

The Lagrange equations (3.10) follow from the relat ions (3.11) and (3.12). 

This completes the proof of the theorem.  

Since it has been established that the Lagrange equations for the motion of N spherical  bubbles are a 
f ini te-dimensional  (4N-dimensional) approximation to the exact problem, various modifications of these 
equations are  then possible for a given dimensionality of approximation 4N. The Lagrange approximation 
is inconvenient in the sense that the velocity potential must  be calculated as a solution of the Neumann prob-  
lem (3.7); this cannot always be done explicitly. Therefore  in the sum (3,7) the harmonic  functions #j(x, q) 
may be assigned a pr ior i ,  and new variables qj* can be introduced in place of the coefficients qj ' .  Then the 
flow condition (3,2) can be satisfied in the mean; this yields equations for determining qj* in t e rms  of qj ' .  

We consider  next the Lagrange equations (3,10) for bubbles of spherical  shape. We choose as the 
general ized coordinates the coordinates of the centers  and the radii of the bubbles. We find an approximate 
expression for the kinetic energy,  assuming that the volume concentration of the bubbles c << 1 and that s = 
O(r). 

We put 

q~ = % i- %', ~Pi = ~ (l)i m 
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T~2.:ing into a c c o u n t  the  f a c t  t ha t  ~o i '  i s  a h a r m o n i c  func t ion  in s ide  F i ,  we o b t a i n  

In the  s u m  ~i  we d i s c a r d  the  s p h e r i c a l  h a r m o n i c s  r  m of  o r d e r  m_>2. The  e r r o r  6,  wh ich  a r i s e s  in 
the  i n t e g r a l  o v e r  F i, is  now t r a n s f o r m e d  and e s t i m a t e d  wi th  the he lp  of  the  i n e q u a l i t i e s  (2.16) and (2.18):  

c~ r i  B 
16 { ~  ~ ~ ([ w,n [2 + [ w ~ l l  7 m ~ / ( x .  t) lr7 '-1) = O (r:~c'h) (3.14) 

m = 2  

Since  ~7~ i '  = O(c) on  ~2i, then ,  m a k i n g  an e r r o r  O(c3), we n e g l e c t  the  i n t e g r a l s  o v e r  ~qi in the  e q u a t i o n  
(3.13) .  T h e n  

N 
/' 2~ a 

2T = ~ ,-5- r~ ([ w~ (: - -  w i �9 VTi' (x. t)) + ,ln,-~ ~ (r,s'~" - -  si~gi' (x~, t ) ) )+  O (c a) (3.15) 

In a c c o r d a n c e  wi th  the  r e l a t i o n  (2.14),  we m a k e  the  s u b s t i t u t i o n  w i = v i - V~iT{xi, t) .  We o b t a i n  an  
e x p r e s s i o n  fo r  the k i n e t i c  e n e r g y  

N 

2T== i ~  ( ~ r i s ( [ v i l 2 - a h v i ' V ~ ' ' ( x i ' t ) ) + 4 n r i ~ ( r i s ' ~ - s t q h ' ( x i ' t ) ) ) + O ( c a )  (3.16) 

By  v i r t u e  o f  the  r e l a t i o n s  (2.22),  (2.16),  and (2.18) we c a n  put  

q)~' (x, t) ~ ~ ( - -  rjO-s i + 1/..r;~'j. V) [ x - -  x i 1-1 (3.17) 

into the  e q u a t i o n  (3.16) w i thou t  d e c r e a s i n g  i ts  a c c u r a c y .  

24hen 

OT / 0v t --= (2~/3)r~ a (v i - -  3V(9( (xi, t)) 

OT / Ost = 4.~rt ~ (r~s~ - -  r (x~, t)) 

OT / 0x~ = --2rtV(ri'%'~-Vq%' (x~, t) + 2r~ ~ s ~  t" (x~, t)) (3.18) 

07' / Or i ~-~ 4nr~ ~ (a/a [ v~ [ ~ - -  a/.~vt.Vq~ ( (xt, t) + a/~sl ~ - -  (2sl ! rl)~i'  (xl, t)) 

We c a l c u l a t e  the  r i g h t  s i d e s  o f  the  e q u a t i o n s  (3.10) 

(0 / Ori) (p,V~ --  aS,) = 4~r~ ~ (p~ - -  2• / r3 ~ 4,~r~p + (r3 (3.19) 

T he  d e r i v a t i v e s  with r e s p e c t  to a l l  the  xj and the  r e m a i n i n g  r j  (j ~ i) a r e  equa l  to z e r o .  F o r  s m a l l  
bubb le  r a d i i  

i ta , 0 i Udx ~ 4.~ri'U (Xh t) (3.20) 0u176 ni Udx ~ ~ r~V5  , (x. t), ~ n~ 

(if AU = 0, t h e s e  e q u a t i o n s  a r e  then  t r u e  fo r  a r b i t r a r y  r i ) ,  the  d e r i v a t i v e s  with r e s p e c t  to x j ,  r j  (j ~ i) a r e  
equa l  to z e r o .  

Subs t i t u t i ng  the  e x p r e s s i o n s  (3 .18)- (3 .20)  into the e q u a t i o n s  (3.10),  we ob ta in  the  d e s i r e d  s y s t e m  of  
e q u a t i o n s  f o r  the m o t i o n  of  the  N b u b b l e s :  

dx~ / dt -~ v~ 

d ~ - ~ / d / - -  (3s i / r~)  ( v ~ - - V % '  (~,  t)) - -  (370 ! 0t)q)/ (x~, t) = 2gU(x~,  t) 

Or~ / dt ~ s i (3.21) 

d'5 3 . ~ 0 , + 1 12 p+ ri - - ~  -i- -U '~ i = ~ % (xi, t) - -  v~. V(pi' (xi, t) i- -U I v~ (rd + U (x~. t) (i = I ..... N) 
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4 .  H y d r o d y n a m i c  E q u a t i o n s  

In the e x p r e s s i o n s  (3.17) fo r  the  ~ i t (x ,  t) we r e p l a c e  v i by w i .  T h e r e  i s  then  no d e c r e a s e  in the a c -  
c u r a c y  of the" e x p r e s s i o n  (for  c << 1); we a l so  m a k e  the  a s s u m p t i o n s  (1)-(3) of  Sec t ion  2. Then  the l i m i t  
of  ~giT(x i ,  t) a s  l ~ 0 c o i n c i d e s  with ~ ( x i ,  t) ,  as  g iven  by  equa t ion  (2.24). In the  equa t ions  (3.21) we r e p l a c e  
~ i '  by  the  va lue  of  r in a ne ighborhood  of  x i .  F o r  th i s  i t  i s  n e c e s s a r y  to a s s u m e  tha t  

(4) fo r  a l m o s t  a l l  bubb l e s  

o--V q~' (x. t) Ot (x~, t), 

0--7- Ti' (x~, t) -7 (IJ (xi, t) for l --> 0 

A c c o r d i n g  to equa t ion  (2.24) the funct ion  6 s a t i s f i e s  the  d i f f e r e n t i a l  equa t ion  

V ( ( I - - 3  c /2)  V (!).-3/2 cv) = 3  c s / r  (4.1) 

and the cond i t ion  

�9 [ ~  = 0  

F r o m  the equa t ions  (3.21) we ob t a in  in the  l i m i t ,  m a k i n g  the a s s u m p t i o n s  (1)-(4) ,  the  r e s u l t s  

dv / dt  + 3s(v - -  Vd)) / r - -  3V(0d) / Ot + 1/2 [ V q) [ 2) _=_ 2VU (4.2) 

O~ / O t - ~  1/2 IVd)  I ' - i  1 / 4 I v - -  V(]) [ ~ ~ P§ (r) 4- U - - r o  2 - ( r d s /  dt ] a~ 2 s  2) = 0 (4.3) 

dr / dt  = s (d/dt = 0 / at  + v-V) (4.4) 

We have  h e r e  deno ted  r '  = r / r0 ,  s r = s / r  0 by r and s,  so tha t  in t h e s e  e x p r e s s i o n s  r and s a r e  not 
s m a l l ;  r 0 << M is  a t y p i c a l  bubb le  r a d i u s .  We have  a l so  added in h e r e  s e v e r a l  t e r m s  o f  o r d e r  c 2 [in e q u a -  
t ion  (4.2) we have  added  in the  t e r m  -3/2]V612 , and in equa t ion  (4.3) the  t e r m  3/tl V4~I2 ]. Th i s  d o e s  not d i m i n -  
i sh  the  a c c e p t e d  a c c u r a c y  of the  a p p r o x i m a t i o n .  Th i s  i s  done  so tha t  the  equa t ions  wi l l  be  i n v a r i a n t  r e l a t i v e  
to a G a l i l e a n  t r a n s f o r m a t i o n  ( see  be low) .  The  t e r m  of  o r d e r  r02 i s  l e f t  only  wi th  the  h i g h e r  d e r i v a t i v e  s i n c e  
only  i t  i s  e s s e n t i a l  as  r 0 ~ O. 

The  equa t ion  fo r  the  c o n s e r v a t i o n  o f  the  n u m b e r  of  b u b b l e s  h a s  the  f o r m  

dc / dt  + c V . v  = 3 cs / r (4~ 

Equa t ions  (4.1)-(4.5)  cons t i t u t e  a c l o s e d  s y s t e m  of  h y d r o d y n a m i c  e qua t i ons .  

E l i m i n a t i n g  s f r o m  the equa t ions  (4.1) and (4.5),  we ob t a in  

Oc / Ot - -  V ((t - -  3 c/2) V(P -~- 1/2 c v) = 0 (4~ 

which  i s  equ iva l en t  to the  i den t i t y  (2.28). By v i r t u e  of  the  r e l a t i o n  (2.33) the  equa t ion  (4.6) i s  the  con t inu i ty  
equa t ion .  

Pu t t ing  r 0 = 0 in equa t ion  (4.2), we o b t a i n  the  l i m i t i n g  e q u a t i o n s .  The  funct ion p+(r)  m u s t  e i t h e r  be  
c o n s t a n t  o r  depend  on r '  = r / r  0. 

We s tudy s o m e  g e n e r a l  p r o p e r t i e s  of  the  s y s t e m  of  equa t ions  (4 .1) - (4 .5) .  

S a t i s f a c t i o n  of  the  Inequ~di t ies  r > 0, c > 0. In a c c o r d  with the  p h y s i c a l  m e a n i n g  of  the  v a r i a b l e s  we 
m u s t  have  r -> 0, c -> 0, c ~- 1. F r o m  equa t ion  (4.5) i t  fo l lows  tha t  if  I s / r ]  < oo and c ~ 0 at  s o m e  po in t  x 0 
at  t i m e  to, then  c ~ 0 a long the  e n t i r e  bubb le  t r a j e c t o r y  ( i . e . ,  the  c u r v e  d x / d t  = v) p a s s i n g  t h r o u g h  x 0. Next ,  
e l i m i n a t i n g  s f r o m  the equa t ions  (4.1) and (4.4),  we ob t a in  

dr / dt  = rV*N / 3c; N = (1 - -  3c / 2)V(I) + 3/~cv 

T h e r e f o r e ,  if  [ V - N I / ( 3 e )  < ~ and r r 0 a t  s o m e  poin t ,  i t  fo l lows  t ha t  r ~ 0 a long  the  e n t i r e  b u b b l e .  
t r a j e c t o r y  p a s s i n g  t h rough  th i s  poin t .  F o r  s m o o t h  s o l u t i o n s ,  on which s / r  and V . N / ( 3 c )  a r e  bounded ,  the  
i n e q u a l i t i e s  c > 0 and r > 0 a r e  s a t i s f i e d  fo r  a l l  t > 0 i f  t h e i r  i n i t i a l  va lue s  a r e  p o s i t i v e .  
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The inequa l i ty  c ~ 1 is  not g u a r a n t e e d  if v f ~7~. Bubbles  a re  "a l lowed" to be d i sp l aced  r e l a t i v e  to 

the l iquid ;  t h e r e f o r e  they pi le  up, f o r m i n g  a cavi ty .  The h y d r o d y n a m i c  equa t ions  a r e  valid ou t s ide  th is  

cav i ty .  

Ga l i l e an  T r a n s f o r m a t i o n  and Di la ta t ion .  The equa t ions  (4 .1)and (4.5) do not change t he i r  f o rm when 
the fol lowing change  of v a r i a b l e s  is  m a d e :  

x = a t - 4 - x ' ,  ( I )=  a - x - -  ~ / , z l a ' , h - i  b4-(1) ' ,  v ==a 4 - v '  (4.7) 

the r e m a i n i n g  v a r i a b l e s  t, s,  r ,  and c do not change,  where  a and b a r e  a r b i t r a r y  c o n s t a n t s .  Th i s  change of 
v a r i a b l e s  is r e f e r r e d  to as a G a l i l c a n  t r a n s f o r m a t i o n ;  phys i ca l ly  it c o r r e s p o n d s  to changing  o v e r  to a s y s -  
t em of c o o r d i n a t e s  mov ing  r e l a t i v e  to the i n i t i a l  s y s t e m  with the cons t an t  ve loci ty  a. 

\ ~ e n  p+(r) :- cons t  the equa t ions  (4.1)-(4.5) a r e  i n v a r i a n t  r e l a t i v e  to the g roup  of d i l a t a t ions  

x =: a x ' ,  t -= a t ' ,  (I) : a([}', r : ar '  (4.8) 

the v a r i a b l e s  v, s,  and e do not chang(;; a is an a r b i t r a r y  cons tan t .  

3'),pc of Sys t em.  The s y s t e m  of equa t ions  (4.1)-(4.5) is q u a s i l i n e a r .  
i s t i c s  0(x, t) -= 0 has the fo rm (for r 0 > 0) 

The equat ion of its c h a r a c t e r -  

ri~: I r() I ~ ((1 -i- 3c)l~ ~ - 9c,,-V0!t i '/:c (w-V0):) -: 0 

~l . :  d 0 / 6 /  I- v . V ( } ,  w - -  v - -  W I }  

Thc quad ra t i c  t r i n o m i a l  in p in the p a r e n t h e s e s  has a nega t ive  d i s c r i m i n a n t  if w �9 V0 r 0 and 

(4.9) 

and,  consequen t ly ,  is not equal  to zc ro .  
reM c h a r a c t e r i s t i c s  

o < c < -'::~ (4.10) 

T h e r e f o r e ,  sub jec t  to the condi t ion  (4.10) and r > 0, we have the 

0(1 , cJ/ - ~ -V0 () (multiplicity 2) (4.11) 

i V{} [ (I (multiplicity ~) (4.12) 

and t ~ )  d i s t i n c t  complex  c h a r a c t e r i s t i c s  for w ~" 0, which b e c o m e  r e a l  for w = 0 and m e r g e  with the c h a r -  
a c t e r i s t i c  (4.11). 

The system of equa t ions  (4.1)-(4.5) is of mixed type.  The mani fo ld  w = 0 is  s in~ la r .  We note that  
w is  the d i s p l a c e m e n t  veloci ty  of the bubb le s  r e l a t i v e  to the l iquid .  

Wc t r a n s f o r m  the l i m i t i n g  equa t ions  for r 0 :: 0 in the o n e - d i m e n s i o n a l  c a s e :  we d i f f e r en t i a t e  equa -  
t ion (4.3) with r e s p e c t  to x and e l i m i n a t e  s with the aid of equa t ion  (4.1). The condi t ion  of hype rbo l i c i t y  of 
the r e s u l t i n g  s y s t e m  has the form 

. :l "-' < w ' - ' r d p  (r) d r  < J~,, (c) (4.13) 

5 .  

The function/10(c) is def ined in Sect ion 5. 

V e l o c i t y  o f  P r o p a g a t i o n  o f  S m a l l  P e r t u r b a t i o n s  

C o n s i d e r  a cons t an t  flow in the absence  of e x t e r n a l  forces  (U = 0) 

t l )  u. .x,  ~ 0. s 0. r l, c :  c o 

(/,' (I) . . . .  ',', !u .  I ~) (5.1) 

The m o r e  g e n c r a l  case  in which v = v 0 r e d u c e s  to the equa t ions  (5.1) by m e a n s  of the Ga l i l ean  t r a n s -  
fo rn l a t i on  (4.7). We l i n e a r i z e  the s y s t e m  of equa t ions  (4.1)-(4.5) in a ne ighborhood of the so lu t ion  (5.1). 
Let  us  put 

( 1 ~ -  u , , . •  f l ) ' .  r :  I . r ' ,  c - -  c ,  (1 

t" (r) - p '  ( 1 ) - - b , '  

We ob ta in  (we omi t  the p r i m e )  

i c') 
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(A - -  3 / 2 ) A ~  -i- I / ~ V ' v  - -  s - -  ' /2Uo.VC' = 0 

--3V,(0(I~ / d t  ~-  Uo. VCb) " 0v / Ot - -  3uos = 0 

OcD / Ot ~ S/2u0.Vd)-- l/2uo.v - - r o ~ 0 s / 0 t - -  br = 0 

- - s - I -  rl = O, V . v  - -  3s  -~ Oc / cgt ~ 0 

(n = i  /(3co) ! l) 

We c o n s i d e r  s i n u s o i d a l  waves  advanc ing  along the x I axis  

(5.2) 

:_: ei(/~x, +tot) 

r / rl 
c c I 

(5.3) 

Subs t i tu t ing  th i s  e x p r e s s i o n  into equa t ions  (5.2), we obta in  a s y s t e m  of homogeneous  l i n e a r  a lgeb ra i c  
equa t ions  for  ~ l  . . . . .  c 1. In o r d e r  for  nonze ro  so lu t ions  of the f o r m  (5.3) to ex is t ,  the d e t e r m i n a n t  of th is  

s y s t e m  m u s t  van i sh :  

Q (k. r - 0 

Next, we c o n s i d e r  two p a r t i c u l a r  c a s e s .  

1. u0 ~ = 0, i . e . ,  the veloci ty  of the p e r t u r b a t i o n  wave is  d i r ec t ed  n o r m a l  to the ve loc i ty  of the m a i n  
flow (5.1). C a l c u l a t i o n s  show that  

Q == r ~(r 2 = Ak '~(ro~r 2 - - b - - : ~ / 2  ] u o  ]2 ) )  = 0 

F r o m  this  we ob t a in  the phase  ve loc i ty  of the p e r t u r b a t i o n  wave 

(5.4) 

~. = ~, / k =- (A (b -r 3/.2 I uo I 2 _ ro~o2)),, (5.5) 

When u 0 = 0 th is  e x p r e s s i o n  co inc ides  with that  g iven for the mode l  in [5]. 

All  the roo t s  oJ of the equa t ion  (5.4) a r e  r e a l  for  a r b i t r a r y  (real)  k.  Consequen t ly ,  the flow (5.1) is  
s tab le  to such p e r t u r b a t i o n s .  

2. u02 = u03 = 0, i . e . ,  the p e r t u r b a t i o n  wave p ropaga t ion  ve loc i ty  is  p a r a l l e l  to the veloci ty  of the m a i n  
f low (5.1). Let  u0 i = u 0. Ca l cu l a t i ons  show that  

Q = ~o ~ (co 4 - (3A / 2 q- 3)Uo~k~-r 2 -- 9/2 u0a/~r --  (b - -  ro2o~ 2) (A]r 2 _ 3Uokato -~ l~/:uozl t ' l ) )  (5.6) 

This  is  a s i x t h - d e g r e e  po lynomia l  in  co. It has  a zero  roo t  of m u l t i p l i c i t y  two; the o the r  four  of i ts  
roo t s  a r e  ob ta ined  by equat ing  the second fac to r  to ze ro ;  thus 

Q?--  3Uo ~ / 2) 2 -- (b a- 3Uo2/2__ ro%~)(A~".  - 3u0) ~ -i- 3/2uo~) = 0 (5.7) 

If the p a i r  of n u m b e r s  ;~ and u 0 a re  roo t s  of the equat ion  (5.7), then  - X  and - u  0 wi l l  a lso  be roo t s .  
T h e r e f o r e  i t  is  su f f i c ien t  to c o n s i d e r  the case  u 0 >_ 0. 

J 
2. 

,Y]F 

Fig .  2 

F o r  u 0 = 0 the graph of the func t ion  X = X(w) is  shown in  F ig .  2. 
F r o m  th is  g raph  we can find the f r e que nc y  w as a funct ion  of k.  It is  
ev iden t  f r o m  this  f igure  that  for  a r b i t r a r y  k t he r e  a r e  four  r e a l  roo t s  
(two of them equal  to zero) .  

Let  u 0 > 0. F r o m  equat ion  (5.7) we e x p r e s s  ,.o in  t e r m s  of X. When 
0 < c o < ~/3, u0 ~ 0, we have the inequa l i ty  AX 2 + 3u0X + 3u02/2 > 0 for  a l l  
X. T h e r e f o r e  for  such va lues  of c o we have four  d i s t i n c t  c a s e s ,  depend-  
ing on the p a r a m e t e r  fl = bu0 -2 

1. oo >/3 _> ill(c0). F o r  a l l  k t he r e  a re  two r e a l  (and, consequen t ly ,  
two complex -con juga t e )  roo t s  w (Fig.  3). 
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2. ril(c0) > ri _>ri0(c0) ~ 3 / ( 1 + 3 c 0 )  ( for  e0<<l ) .  I f k  1-<lk[ -<  k 2 , w e  
then  have  fou r  r e a l  r o o t s ;  i f  lk I q~ [kl,  k2] , we then  have  on ly  two r e a l  r o o t s  
(F ig .  4). 

3. ri0(c0) > ri _> 0. F o r  I kl-< k2 we have  four  r e a l  r o o t s  co, and fo r  
I kl >k2 we have  on ly  two r e a l  r o o t s  (F ig .  5). 

4. 0 > ri >--3/2. Th i s  c a s e  i s  p o s s i b l e  owing to s u r f a c e  t e n s i o n  
f o r c e s  in  the  b u b b l e s .  F o r  I k l _  < k 2 we have  fou r  r e a l  roo ts~v ,  fo r  k 2 < 
I kl-< k3 we have  on ly  two r e a l  r o o t s ,  and fo r  I kl > k3 t h e r e  a r e  no r e a l  
r o o t s  (F ig .  6). 

F o r  ri < -3/2 t h e r e  a r e  no r e a l  r o o t s  ~ .  

F i g u r e s  3-6  d i s p l a y  the  g r a p h s  of  X(w) fo r  c o = 0.1 and ri = 1, 0.75, 
0.25, a n d - 1 ,  r e s p e c t i v e l y .  

F i g u r e  7 shows  the g r a p h  of  w(k) f o r  k -> 0 f o r  the  v a l u e s  c o = 0 . t  and  fi = 0 .75.  F o r  k < 0,  co(k) = - ~ o ( - k ) .  

Thus ,  when r0> 0, the f low (5.1) i s  u n s t a b l e  r e l a t i v e  to s h o r t - w a v e  p e r t u r b a t i o n s ;  when ri> ri0(c0), i t  
i s  a l so  u n s t a b l e  r e l a t i v e  to l o n g - w a v e  p e r t u r b a t i o n s .  When r 0 = 0, the  f low (5.1) i s  s t a b l e  i f  -3/2 _ ri-< ri0(c) 
and u n s t a b l e  i f  ri > rio o r  ri < -~2 -  The  h y d r o d y n a m i c  e q u a t i o n s  (4 .1)- (4 .5)  w e r e  i n t r o d u c e d  u n d e r  the  a s -  
s u m p t i o n  t ha t  the  wave  l eng th  >> r 0. I t  i s  t h e r e f o r e  n e c e s s a r y  to k e e p  t h i s  r e s t r i c t i o n  in mind  when m a k i n g  
a s t a t e m e n t  c o n c e r n i n g  i n s t a b i l i t y  o f  the  f low in the  p r e s e n c e  of  s h o r t - w a v e  p e r t u r b a t i o n s .  

6 .  O n e - D i m e n s i o n a l  B o r z h o m  P r o b l e m  

We s o l v e  the  B o r z h o m  p r o b l e m ,  f o r m u l a t e d  in S e c t i o n  1, fo r  the  o n e - d i m e n s i o n a l  c a s e  in  which  the  
bubb le  v e l o c i t y  i s  p a r a l l e l  to the  x 1 = x ax i s  a n d  a l l  q u a n t i t i e s  depend  on ly  on  x and t .  A s s u m e  tha t  fo r  x < 
X(t) we have  a " p u r e "  s t a t i o n a r y  l iqu id  wi th  a c o n s t a n t  p r e s s u r e  p_,  so tha t  the  v e l o c i t y  p o t e n t i a l  in  i t  i s  
equa l  to - p _ t ;  l e t  X(t) be  the  b o u n d a r y  s e p a r a t i n g  the p u r e  l iqu id  and the m i x t u r e ,  which  i s  to be  d e t e r m i n e d .  
We a s s u m e  tha t  f o r  x = ~o we have  a c o n s t a n t  f low,  the  p r e s s u r e  in which  i s  equa l  to z e r o :  

~t--~O, ~--~Uo, v-~Vo, r--~ l ,  

c---~ c o for x--~-~-oo 

w h e r e  s u b s c r i p t s  i n d i c a t e  c o r r e s p o n d i n g  d e r i v a t i v e s .  

Mot ion  o c c u r s  a s  the  r e s u l t  o f  an i n i t i a l  v e l o c i t y  and a d r o p  in  p r e s s u r e .  We a s s u m e ,  f u r t h e r ,  tha t  
p+(r)  - cons t .  We c o n s i d e r  the  l i m i t i n g  e q u a t i o n s  fo r  r 0 = 0. Then  f r o m  the s y s t e m  (4.1)-(4.5)  we e a s i l y  
ob t a in  a c l o s e d  s y s t e m  of  e q u a t i o n s  fo r  the  func t ions  v, w = v -  ~x ,  e. To o b t a i n  t h i s  s y s t e m  we d i f f e r e n -  
t i a t e  equa t ion  (4.3) (with r 0 = 0) wi th  r e s p e c t  to x.  The  f ina l  f o r m  of  the s y s t e m  i s  found to be  
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B w = 0 ,  B = |(i+tlc)w v.4-pl~--t/c)w 3 w 2 1 ( 2 c )  (6.15 
c ~ \ - - t . ~ c  1 - - 3 c ] 2  v - - 3 w / 2  

We wr i t e  in i t i a l  condi t ions  for  t = 0, x > X and bounda ry  condi t ions  for  t > 0, x = X: 

v :  v0, w - - - w 0 ( :  v0- -u~) ,  c = c 0 ,  X = 0  (6.25 

F o r  l > 0 the funct ion  #0i'(x, t) is  a cont inuous  func t ion  of x. Accord ing  to T h e o r e m  2.2 the po ten t ia l  
i s  the l i m i t  of r  as l - -  0, u n i f o r m l y  with r e s p e c t  to x. Consequen t ly ,  the po ten t ia l  �9 m u s t  be con t inuous  

on the s e p a r a t i o n  bounda ry :  

q) ( X -t- O, t) = - -  p t 

We d i f f e r en t i a t e  th is  equat ion  with r e s p e c t  to t and subs t i tu t e  the value of Ct  into equat ion  (4.3) (with 

r 0 = 0); thus 

- - X "  (v - - w )  + Vo(v- -  w) 2 t- l l4u~2=P_ - - p +  = p, 
( X "  = (d  / d t ) X ,  p . . . .  1/,z (v0 --  w0) ~ --  ~i4wf) (6.3) 

Next, we ob ta in  f rom the ident i ty  (2.28) the m a s s - c o n s e r v a t i o n  equat ion 

(1 -- 3c / 2) (v  - -  w) -'; Uo.cv = - -  c X "  (6.4) 

We a s s u m e  that  bubbles  n e i t h e r  a r e  fo rmcd  nor  van i sh  at the s e p a r a t i o n  boundary ;  t h e r e f o r e  

X'  = v (6.5) 

We c o n s i d e r  a s e l f - s i m i l a r  so lu t ion .  The p r o b l e m  (6.1)-(6.5) for the d e t e r m i n a t i o n  of the unknowns 
v, w, c, X admi t s  the group of d i l a t a t i ons  (4.85; t h e r e f o r e  we seek i ts  so lu t ion  in the fo rm 

v = v (~ . ) ,  w = wO~) ,  c = c O . ) ,  ~. = x / t ,  X = D t  (6.6) 

F o r  the funct ions  v, w, and c we obta in  a s y s t e m  of o r d i n a r y  d i f f e r e n t i a l  equa t ions  

( B - - X ) ~  = 0  for ~ , > O  (6.7) 

The in i t i a l  eondi t ions  (6.2) imply  that  

v - - ~ v o ,  w - - , - W o ,  c - -~-co  for ~.--~ oo (6.8) 

The bounda ry  condi t ions  (6.35-(6.5) for  X = D a s s u m e  the f o r m  

v =  ( 1 - -  3 c / 2 )  w, w = - 4 -  2 ( p , / ( l  + 6 c  -- 912 c~))v,, O = v (6.9)  

Since 

t + 6 c - - 9 1 ~ c ~ >  0 for 0 < c  ~ / s  

then  for  e x i s t e n c e  of a so lu t ion  i t  i s  n e c e s s a r y  that  

Pl = p _ +  11, (Vo - -  Wo) ~ + 114Wo~ > 0 

The so lu t ion  of the d i f f e r e n t i a l  equat ion  (6.7) e i t h e r  has  the fo rm 

o r  we m u s t  have 

(6.105 

(6. i l )  
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d e t ( B  - - k )  ---- (k - - v )  3 - - 1 / ~ w 2 ( 9 + c  -I) ( k - - v )  - -9 /2w 3 = , 0  (6.12) 

F o r  

the  equa t ion  (6.12) has  t h r e e  r e a l  d i s t i n c t  r o o t s  ( e i g e n v a l u e s  of  the  
m a t r i x  B) 

~.i = v q- w k i  (c) (i = 1, 2, 3) (6.13) 

w h e r e  ki (c)  a r e  the  r o o t s  of  the  equa t ion  

tP - - (~12  ~- 112c-1)k - - 9 / 2  = 0 

(they depend  on ly  o n c ) .  F o r  0 < c < c .  

To the e i g e n v a l u e  Xi t h e r e  c o r r e s p o n d s  the  e i g e n v e c t o r  of  the  m a t r i x  B 

(k  + ~/~ '\ 
ri = | k i  + i ) 

\ ( - -  k? + k~ + 3) c / (wk~) (6.14) 

Along  with the  c o n s t a n t  so lu t i on  (6.11) the  s y s t e m  of  equa t ions  (6.7) has  t h r e e  f a m i l i e s  of  s o l u t i o n s  
c o r r e s p o n d i n g  to the  t h r e e  e i g e n v a l u e s  X i of  the m a t r i x  B; thus 

d v  / r i  1 : d w  / r i  2 = dc / r f  ~, )~ " k i  (v,  w ,  c) (6.15) 

The s o l u t i o n s  (6.11) and (6.15) a r e  c o n v e n i e n t l y  r e p r e s e n t e d  g r a p h i c a l l y  in the  p h a s e  s p a c e  of  the  
d e p e n d e n t  v a r i a b l e s  v, w, and c; to the  s o l u t i o n  (6.11) t h e r e  c o r r e s p o n d s  a point ;  to the  s o l u t i o n s  (6.15) 
t h e r e  c o r r e s p o n d  t h r e e  f a m i l i e s  of  n o n i n t e r s e c t i n g  ( i . e . ,  n o n i n t e r s e c t i n g  wi th in  the  f a mi ly )  c u r v e s .  To the 
g e n e r a l  s o l u t i o n  o f  the  s y s t e m  (6.7) t h e r e  c o r r e s p o n d s  a con t inuous  c u r v e ,  c o n s i s t i n g  of  p o r t i o n s  of  the 
c u r v e s  (6.15) a long  which the p a r a m e t e r  X i s  n o n d e c r e a s i n g  (does  not u n d e r g o  a d i s c o n t i n u i t y ) .  

We c o n s i d e r  the  b o u n d a r y  cond i t i ons  (6.9).  The  f i r s t  two of t h e m  de f ine  a c u r v e  K in the  p h a s e  s p a c e  
of  the  d e p e n d e n t  v a r i a b l e s  v, w, c. Th i s  c u r v e  m u s t  be j o ined  to the  po in t  (v0, w0, c 0) by  a so lu t ion  of  the 
s y s t e m  (6.7); in add i t ion ,  we m u s t  have  D_< X on K. Hence ,  f r o m  the  r o o t s  (6.13) and the t h i r d  of  the c o n -  
d i t i o n s  (6.9) we f ind tha t  when w 0 > 0 on ly  the t h i r d  f a m i l y  o f  the  f a m i l i e s  (6.15) can  be  ad jo ined  to the c u r v e  
K; the c u r v e s  of  the  f i r s t  and s e c o n d  f a m i l i e s ,  on which the va lue s  o f  X a r e  l e s s ,  canno t  be j o ined  to K. 
The  s o l u t i o n  of the  p r o b l e m  is  unique;  h o w e v e r  i t  does  not e x i s t  fo r  a l l  v0, w0, Co, Pl. The s e t  of  po in t s  (v0, 
w0, co) fo r  which the  s o l u t i o n  e x i s t s  f i l l s  ou t  s o m e  s e t  on a s u r f a c e  which d e p e n d s  on Pl- S i m i l a r l y ,  when 
w 0 < 0, on ly  s o l u t i o n s  of  the  f i r s t  o r  s e c o n d  f a m i l i e s  of  (6.15) can  be  ad jo ined  to the  c u r v e  K. The so lu t ion  
is  unique;  i t  e x i s t s  i f  the  po in t  (v0, w0, Co) (for  f ixed  Pl) l i e s  i n s i d e  s o m e  r e g i o n .  

The  r e a s o n  f o r  n o n e x i s t e n c e  o f  the so lu t ion  can  be  due to one  of  the  fo l lowing :  1) the  cond i t i ons  on 
the s e p a r a t i o n  b o u n d a r y  canno t  be  s a t i s f i e d ;  2) the  c ond i t i ons  at  in f in i ty  (in p a r t i c u l a r ,  the  cond i t ion  w[~ = 
0) canno t  be s a t i s f i e d ;  3) the  cond i t i on  c _< 1 i s  v i o l a t e d .  In the  f i r s t  c a s e ,  a l l o w a n c e  m u s t  be  m a d e  fo r  the  
c r e a t i o n  and ex t inc t i on  of  b u b b l e s  on the  s e p a r a t i o n  b o u n d a r y .  In the s e c o n d  c a s e  i t  i s  n e c e s s a r y  to c o n -  
s i d e r  the  s y s t e m  of  equa t i ons  wi th  r 0 > 0 (in th i s  c a s e  t h e r e  is  a l so  a s e l f - s i m i l a r  so lu t ion ) .  In the  t h i r d  
c a s e  i t  i s  n e c e s s a r y  to t ake  c a v i t a t i o n  into accoun t .  

In F ig .  8 we p r e s e n t  g r a p h s  o f  the  s o l u t i o n  o f  the  p r o b l e m  for  the  i n i t i a l  c ond i t i ons  v 0 = w 0 = - 2 . 8 9 ,  
e 0 = 0.058 and p_ = - 1 . 0 8  (Pl = 1). 

The  au tho r  thanks  V. K. K e d r i n s k i i ,  L.  V. O v s y a n n i k o v ,  S. S. K u t a t e l a d z e ,  and B ,  So K oga rko  fo r  t h e i r  
d i s c u s s i o n s  and fo r  t h e i r  i n t e r e s t  in my  p a p e r .  
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